In the present paper, we introduce the notion of A-cone metric spaces over Banach algebra as a generalization of A-metric spaces and cone metric spaces over Banach algebra. We also defined generalized Lipschitz and expansive maps in such maps and establish some fixed point theorems for such maps in the setting of the new space. As an application, we prove a theorem for integral equation. We provide illustrative example to verify our results. Our results generalize and unify some well-known results in the literature. 
PUBLIC INTEREST STATEMENT
An A-cone metric space is a new space extend from the concept of A-metric space and cone metric space. In this paper, we introduce the notion of A-cone metric space and focus on fixed point theorem of generalized maps in such space. We also give an example as an application.
On the other hand, Wang, Li, Gao, and Iseki (1984) introduced the concept of expanding mappings and proved some fixed point theorems in complete metric spaces. Sahin and Telci (2010) presented a meaningful common fixed point theorem for expansion-type mappings in complete cone metric spaces which generalize and extend the theorems of Wang et al. for a pair of mappings to cone metric spaces.
In this paper, we introduce a new generalization of metric spaces, called as A-cone metric spaces over Banach algebra, study some fixed point theorems and an application to integral equations.
Preliminaries
We begin with some basic known definitions and results.
Let A always be a real Banach algebra. That is, A is a real Banach space in which an operation of multiplication is defined, subject to the following properties (for all x, y, z ∈ A, ∈ R)
(1) (xy)z = x(yz), (2) x(y + z) = xy + xz and (x + y)z = xz + yz, (3) (xy) = ( x)y = x( y), (4) ‖‖xy ≤ ‖‖x‖‖y.
Throughout this paper, we shall assume that a Banach algebra has a unit (i.e. a multiplicative identity) e such that ex = xe = x for all x ∈ A. An element x ∈ A is said to be invertible if there is an inverse element y ∈ A such that xy = yx = e. The inverse of x is denoted by x −1
. For more details, we refer the reader to Rudin (1991) .
The following proposition is given in Rudin (1991) .
Proposition 2.1 Let A be Banach algebra with a unit e, and x ∈ A. If the spectral radius (x) of x is less than 1, i.e. then e −x is invertible. Actually, Remark 2.2 From Rudin (1991) , we see that the spectral radius (x) of x satisfies (x) ≤ ‖x‖ for all x ∈ A, where A is a Banach algebra with a unit e. Xu & Radenović, 2014) . In Proposition 2.1, if the condition � (x) < 1 � is replaced by ‖x‖ ≤ 1, then the conclusion remains true. Xu & Radenović, 2014) . If (x) < 1, then ‖ ‖ x n ‖ ‖ → 0(n → ∞).
Remark 2.3 (See

Remark 2.4 (See
Lemma 2.5 (See Mustafa & Sims, 2006) . If E is a real Banach space with a solid cone P and if ≼ u ≪ c for each ≪ c, then u = .
Lemma 2.6 (See Jankovic, Kodelburg & Radenović, 2011) . Let P be a cone and a ≤ b + c for each c ∈ intP; then, a ≤ b.
A subset P of A is called a cone of A if
(1) P is nonempty closed and { , e} ⊂ P;
(2) P + P ⊂ P for all nonnegative real numbers , ;
P 2 = PP ⊂ P;
(4) P ∩ (−P) = { },
where denotes the null of the Banach algebra A. For a given cone P ⊂ A, we can define a partial ordering ≼ with respect to P by x ≼ y if and only if y − x ∈ P. x ≺ y will stand for x ≼ y and x ≠ y, while x ≪ y will stand for y − x ∈ intP, where int P denotes the interior of P. If intP ≠ ∅, then P is called a solid cone.
The cone P is called normal if there is a number M > 0 such that, for all x, y ∈ A,
The least positive number satisfying above is called the normal constant of P (Ha et al., 1988) .
In the following, we always assume that A is a Banach algebra with a unit e, P is a solid cone in A and ≼ is the partial ordering with respect to P.
Definition 2.7 (Huang & Zhang, 2007; Liu & Xu, 2013) . Let X be a nonempty set. Suppose the map-
Then, d is called a cone metric on X, and (X, d) is called a cone metric space over Banach algebra A.
For other definitions and related results on cone metric space over Banach algebra, we refer to Liu and Xu (2013) .
Definition 2.8 (Gahler, 1963) . Let X be a nonempty set. Suppose a function d:
(ii) If at least two of three points x, y, z are the same, then d(x, y, z) = 0.
(iii) The symmetry: d (x, y, z) = d(p(x, y, z) ) where p is a permutation.
(iv) The rectangle inequality: z, x, t) for all x, y, z, t ∈ X. Then, d is called a 2-metric on X, and (X, d) is called a 2-metric space. The following definitions and details on 2-metric spaces can be seen for example in Gahler (1963) .
Definition 2.9 (Dhage, 1984) . Let X be a nonempty set. A function D:X × X × X → R is called a D-metric on X if it satisfies the following conditions:
(D1) D(x, y, z) ≥ 0 for all x, y, z ∈ X and equality holds if and only if x = y = z, (p(x, z, y) ) where p is a permutation.
Definition 2.10 (Mustafa & Sims, 2006) . Let X be a nonempty set. Suppose that a mapping (x, x, y) , whenever x ≠ y, for all x, y ∈ X, (p(x, z, y) ) where p is a permutation,
Then, G is called a generalized metric on X, and X is called a generalized metric space or, more specifically, a G-metric space.
For definitions and subsequent results on generalized metric spaces, the reader may refer to Mustafa and Sims (2006) . Definition 2.11 (Sedghi et al., 2007) . Let X be a nonempty set. A function
-metric on X if it satisfies the following conditions:
For all x, y, z, a ∈ X, (D*1) D * (x, y, z) ≥ 0 and equality holds if and only if x = y = z,
Definition 2.12 (Sedghi et al., 2012) . Let X be a nonempty set. Suppose a function S:X × X × X → R + satisfies the following conditions:
Then, the ordered pair (X, S) is called an S-metric space.
Definition 2.13 (Abbas et al., 2015) . Let X be a nonempty set. A function d:
..,n the following conditions hold:
The pair (X, d) is called an A-metric space.
A-cone metric spaces over Banach algebra
In this section, we generalize the concepts of A-metric spaces and cone metric spaces over Banach algebra to define a new structure called A-cone metric spaces over Banach algebra A.
Definition 3.1 Let X be a nonempty set. A function d:X n → A is called an A-cone metric on X if for any x i , a ∈ X, i = 1,2,...,n, the following conditions hold:
The pair (X, d) is called an A-cone metric space over Banach algebra.
Note that cone metric space over Banach algebra is a special case of an A-cone metric space over Banach algebra with n = 2.
Lemma 3.2 Let (X, d) be an A-cone metric space over Banach algebra. Then, d(x, x, x, … , x, y) = d(y, y, y, … , y, x) for all x, y ∈ A.
Proof Applying condition (d 3 ) of an A-cone metric space over Banach algebra, we obtain
In the same way, 
Theorem 4.2 Let (X, d) be an A-cone metric space over Banach algebra A and P a solid cone in A. Let k ∈ P is an arbitrarily given vector; then, (X, d) is a Hausdorff space.
Proof Let (X, d) be an A-cone metric space over Banach algebra A. Let x, y ∈ X with x ≠ y. . Then, x ∈ U and y ∈ V. We claim U ∩ V = �.
If not, there exists z ∈ U ∩ V.
i.e c ≪ c which is contraction. Hence, U ∩ V = � and X is Hausdorff. ✷ Now, we define Cauchy sequence and convergent sequence in A-cone metric space over Banach algebra A.
is called a Cauchy sequence whenever for every c ≫ there is a natural number N such that
Example 4.5 Let Banach algebra A and cone P be same as Example 3.3 and let X = ℚ. Define a map- is said to be continuous at a point x ∈ X if and only if it is sequentially continuous at x; that is, whenever {x n } is convergent to x, we have {fx n } is convergent to f(x).
Generalized Lipschitz maps
Definition 5.1 Let (X, d) be an A-cone metric space over Banach algebra A and P a cone in A. A map T:X → X is said to be a generalized Lipschitz mapping if there exists a vector k ∈ P with (k) < 1 for all x, y ∈ X such that Example 5.2 Let X = [0, ∞) and let (X, d) be an A-cone metric space over Banach algebra A as defined in Example 3.3. Define a self map T on X as follows: Tx = . Clearly, T is a generalized Lipschitz map in X. Now we review some facts on c-sequence theory.
Definition 5.3 (Kadelburg & Radenović, 2013) Let P be a solid cone in a Banach space E. A sequence {u n } ⊂ P is said to be a c-sequence if for each c ≫ there exists a natural number N such that u n ≪ c for all n > N.
Lemma 5.4 (Malviya & Fisher, in press ) Let P be a solid cone in a Banach algebra A. Suppose that k ∈ P and {u n } is a c-sequence in P. Then, {ku n } is a c-sequence.
Lemma 5.5 (Radenović & Rhoades, 2009) Let A be a Banach algebra with a unit e, k ∈ A; then,
n exists and the spectral radius (k) satisfies
where is a complex constant. 
Lemma 5.9 (Huang & Radenović, 2015b ) If E is a real Banach space with a solid cone P and {u n } ⊂ P be a sequence with
Lemma 5.10 (Huang & Radenović, 2015b ) If E is a real Banach space with a solid cone P
(2) If a ∈ P and a ≪ c for each c ≫ , then a = .
Lemma 5.11 (Xu & Radenović, 2014) 
Applications to fixed point theory
In this section, we prove fixed point theorems for generalized Lipschitz maps on A-cone metric spaces over Banach algebra. We begin with the remarkable fixed point theorem known as the Banach Contraction Principle for generalized Lipschitz maps in A-cone metric spaces over Banach algebra.
Theorem 6.1 Let (X, d) be a complete A-cone metric space over Banach algebra A and P be a solid cone in A. Let k ∈ P be a generalized Lipschitz constant with (k) < 1 and the mapping T:X → X satisfies the following condition for all x, y ∈ X. Then, T has a unique fixed point in X. For each x ∈ X, the sequence of iterates {T n x} n≥1
converges to the fixed point.
Proof
For each x 0 ∈ X and n ≥ 1, set x 1 = Tx 0 and x n+1 = T n+1 x 0 . Then,
So for m > n,
by Lemma 5.9, it follows that for any c ∈ A with ≪ c, there exists n ∈ N such that, for any m > n > N, we have which implies that {x n } is a Cauchy sequence. By the completeness of X, there exists x * ∈ X such that
Furthermore, one has
Now that {d(x * , x * , … , x * , x n )} and {d(x n+1 , x n+1 , … , x n+1 , x * )} are c-sequences, then by using Lemmas 5.4 and 5.10, it concludes that Tx * = x * . Then, x * is a fixed point of T.
Finally, we prove the uniqueness of the fixed point. In fact, if y * is another fixed point, then
, a contradiction. Hence, the fixed point is unique. ✷ Corollary 6.2 Let (X, d) be a complete A-cone metric space over Banach algebra A. Suppose the mapping T:X → X satisfies for some positive integer n, for all x, y ∈ X, where k is a vector with (k) < 1. Then, T has a unique fixed point in X.
Proof From Theorem 6.1, T n has a unique fixed point x *
. But T n (Tx * ) = T(T n x * ) = Tx * . So, Tx * is also a fixed point of T n . Hence, Tx * = x * , x * is a fixed point of T. Since the fixed point of T is also fixed point of
, then fixed point of T is unique. ✷ Now, we prove Chattergee's fixed point theorem in A-cone metric spaces over Banach algebra.
Theorem 6.3 Let (X, d) be a complete A-cone metric space over Banach algebra A. Suppose the mapping T:X → X satisfies the following condition
for all x, y ∈ X, where k is a vector with (k) < 1 n 2 where n ≥ 1. Then, T has a unique fixed point in X. For any x ∈ X, iterative sequence {T n x} converges to the fixed point.
Proof Let x 0 ∈ X be arbitrarily given and set x n = T n x 0 , n ≥ 1. We have i.e.
Note that ((n − 1)k) ≤ (nk) < 1. Then, by Lemma 5.5, it follows that e − (n − 1)k is invertible. As a result, it follows that (6.2) becomes Put h = e − (n − 1)k
Note that by Lemmas 5.6 and 5.7, we get Moreover, for all n, m ∈ N, hence, by the proof of Theorem 6.1, we can easily see that the sequence {x n } is Cauchy.
By the completeness of X, there is x * ∈ X such that x n → x * (n → ∞). To verify Tx * = x * , we have
i.e.
Note that
Thus, by Lemma 5.5, it concludes that e − (n − 1) 2 k is invertible. As a result, it follows immediately from (6.2) that
Since {d(x * , x * , … , x * , x n )} and {d(x n+1 , x n+1 , … , x n+1 , x * )} are c-sequences, then by using Lemmas 5.4
and 5.10, it concludes that Tx * = x * . Thus, x * is a fixed point of T.
for any n ≥ 1. By Remark 2.4 and using Lemma 5.9 and
, it follows that, for any c ∈ A with ≪ c, there exists N ∈ such that, for any n > N, we have which implies by Lemma 2.5 that d(x * , x * , … , x * , y * ) = . So, x * = y * , a contradiction. Hence, the fixed point is unique. ✷ Now, we prove Kannan's fixed point theorem in A-cone metric spaces over Banach algebra.
Theorem 6.4 Let (X, d) be a complete A-cone metric space over a Banach algebra A and let P be the underlying solid cone with
k ∈ P where (k) < 1 n where n ≥ 2
. Suppose the mapping T:X → X satisfies the generalized Lipschitz condition
for all x, y ∈ X. Then, T has a unique fixed point in X. And for any x ∈ X, iterative sequence {T n x} converges to the fixed point.
Proof Let x 0 ∈ X be arbitrarily given and set x n = T n x, n ≥ 1. We have
Then, by Lemma 5.5, it follows that (e − k) is invertible.
Multiplying in both sides of (6.5) by (e − k) −1
, we get
As is shown in proof of Theorem 6.3, {x n } is a Cauchy sequence and by the completeness of X, the limit of {x n } exists and is denoted by x * .
To see that x * is a fixed point of T, we have So we get which implies that Finally, we prove the uniqueness of the fixed point. In fact, if y * is another fixed, then
. Hence, the fixed point is unique. ✷ Example 6.5 Let Banach algebra A and cone P be the same ones as those in Example 3.3 and let X = R + . Define a mapping d:X n → A as in Example 3.3. We make a conclusion that (X, d) is a complete
Since r is invertible, to multiply r −1 on both sides of (7.2), we get
Hence, by the proof of Theorem 6.1, we can easily see that the sequence {x n } is a Cauchy sequence and by the completeness of X, there exist x * ∈ X such that x n → x * (n → ∞). Since f and g are surjective maps and hence there exists two points y and y ′ in X such that x * = fy and x * = gy
which implies that
Since b − (n − 1)k + c = r is invertible, we have and Owing to x n → x * (n → ∞), it follows by Lemma 5.11 that for any c ∈ A with ≪ c, there exists n ∈ N such that, for any n > N, we have Hence,
Finally, we prove the uniqueness of the fixed point. In fact, if y * is another common fixed point of f and g, that is fy * = y * and gy
, a contradiction. Hence, the fixed point is unique. ✷ Corollary 7.4 Let (X, d) be a complete A-cone metric space over Banach algebra and let P be a underlying solid cone, where c ∈ P is a generalized Lipschitz constant with (c) −1 < 1. Let f and g be two surjective self maps of X satisfying Then, f and g have a unique common fixed point in X.
Proof If we put k, a, b = in Theorem 7.3, then we get above Corollary 7.4. ✷ Corollary 7.5 Let (X, d) be a complete A-cone metric space over Banach algebra and let P be a underlying solid cone, where c ∈ P is a generalized Lipschitz constant with (c) −1 < 1. Let f be a surjective self map of X satisfying.
Then, f has a unique fixed point in X.
Proof If we put f = g in Corollary 7.4, then we get above Corollary 7.5 which is an extension of Theorem 1 of Wang et al. (1984) in A-cone metric spaces over Banach algebra. ✷ Corollary 7.6 Let (X, d) be a complete A-cone metric space over Banach algebra and let P be a underlying solid cone, where c ∈ P is a generalized Lipschitz constant with (c) −1 < 1. Let f be a surjective self map of X and suppose that there exists a positive integer n satisfying.
Proof From Corollary 7.5, f n has a unique fixed point z. But f n (fz) = f (f n z) = fz, so fz is also a fixed point of f n . Hence, fz = z, z is a fixed point of f. Since the fixed point of f is also fixed point of f n , the fixed point of f is unique. ✷ Corollary 7.7 Let (X, d) be a complete A-cone metric space over Banach algebra and let P be a underlying solid cone, where a, b, c, −a ∈ P are generalized Lipschitz constants with (e − a)(b + c) −1 < 1. Let f and g be two surjective self maps of X satisfying.
Then, f and g have a unique common fixed point in X.
Proof If we put k = in Theorem 7.3, then we get above Corollary 7.7. ✷ Corollary 7.8 Let (X, d) be a complete A-cone metric space over Banach algebra and let P be a underlying solid cone, where a, b, c, −a ∈ P are generalized Lipschitz constants with (e − a)(b + c) −1 < 1. Let f be a surjective self map of X satisfying.
Then, f has a unique fixed point in X. Proof If we put f = g in Corollary 7.7, then we get above Corollary 7.8 which is an extension of Theorem 2 of Wang et al. (1984) in A-cone metric spaces over Banach algebra. ✷ Now, we present an example for expansive maps in A-cone metric space over Banach algebra.
Example 7.9 Let Banach algebra A and cone P be the same ones as those in Example 3.3 and let X = R + . Define a mapping d:X n → A as in Example 3.3. We make a conclusion that (X, d) is a complete A-cone metric space over Banach algebra A. Now define the mapping T:X → X by T(x) = 2(x + x 2 ).
Choose k = 2; then, all the conditions of Corollary 7.5 hold trivially good and 0 is the unique fixed point of T. Indeed, where k = 2. Clearly, T is an expansive map in X.
Some applications
In this section, we shall apply Theorem 6.1 to the first-order periodic boundary problem as follows:
where 
Tx(t) = +
t ∫ 0 F( , x( ))d .
